ON THE HOLONOMY OF KALUZA-KLEIN METRICS 



THOMAS KRANTZ 

Abstract. We investigate Kaluza-Klein metrics with a recurrent light- 
like vector field over a pseudo-Riemannian manifold {B,g). 



1. Introduction 

Principal S'^-bundles have been used by physicists to unify Einsteins gen- 
eral relativity theory with electrodynamics. This theory, by their main con- 
tributors known as Kaluza-Klein theory, has been later on generalized to 
bundles where the fiber is no longer an abelian Lie group (Yang-Mills the- 
ory) . We refer to |Baj for a general picture of the mathematical backgrounds 
of Gauge theory. 

We focus here in particular on the construction of pseudo-Riemannian 
manifolds with the so called Kaluza-Klein-metric. Given a pseudo- 
Riemannian manifold {B,g), we consider a principal 5^-bundle P over B 
together with a connection form A on it. For the Kaluza-Klein-metric a 
fundamental vector corresponding to the S'^-action has length ±1 whereas 
the horizontal spaces, corresponding to the connection form A, inherit the 
metric from the base manifold. Finally any horizontal vector is orthogonal 
to any vertical vector(i.e. which is tangent to the fiber). The well known 
Boothby-Wang fibration now gives examples of such principal S*^ -bundles 
over a projective symplectic manifold and it is known that if the base i? is a 
projective Kahler manifold, P will carry a natural Sasakian structure. We 
can fix transverse holonomy of the Sasakian manifold by fixing the holonomy 
of the base manifold. We refer to [Blj and |BG2j for a detailed treatment of 
Sasakian geometry. 

It is now known that Lorentzian connections on a n + 1-dimensional man- 
ifold either admit full so(l, n)-holonomy or there is a holonomy- invariant di- 
rection, case in which we speak of special Lorentzian holonomy. By the work 
of L. Berard Bergery, A. Ikemakhen ([BBIJ) and T. Leistner (|L1]) indecom- 
posable special holonomy has been classified. In section S] we explore more 
generally {i.e. in the pseudo-Riemannian case) principal 5'^-bundles with a 
Kaluza-Klein-metric admitting a holonomy-invariant direction or similarly 
a recurrent vector field. Under the condition that the recurrent vector field 
projects fiberwise on a fixed direction, it turns out that the recurrent vector 
field has to be parallel and projects onto a Killing field on the base mani- 
fold and that P has to admit a flat connection. Inversely we can construct 
examples of pseudo-Riemannian manifolds with a recurrent vector field by 
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considering S* -bundles with a flat connection over a base manifold with a 
Killing field and form a Kaluza-Klein-metric. In particular we can consider 
base manifolds to be K-contact or Sasakian. 

Finally we can iterate the construction: A first Boothby-Wang construc- 
tion over a projective symplectic manifold yields a K-contact manifold, and a 
second S'^-bundle-construction yields a manifold on which there is a Kaluza- 
Klein-mctric with a parallel vector field. In case the starting manifold was 
projective Kahler the special Lorentzian holonomy (of type II) is completely 
known. 

Acknowledgements. I thank Helga Baum, Mihaela Pilca, Thomas 
Neukirchner and Kordian Laerz among many others for useful discussions. 

2. Transverse connections 

Let {B,g) be a pseudo-Riemannian manifold with Levi-Civita covariant 
derivative V. 

Let ^ be a vector field on {B,g) such that g{^,$,) = cr with a = ±1. 

Note D = T)^ the sub-bundle Note p{X) the orthogonal projection of 
the vector field X on B onto V. Note V'^ the covariant derivative on the 
bundle V defined by: VfF = F]), V^F = p{V xY) for Y a section of 
T> and X orthogonal to \. 

It can be readily checked that S/'^ is really a covariant derivative and 
that is torsion-free in the sense: V^F - V^AT = p{[X,Y]) for X,Y 
sections of T). Furthermore preserves the bundle metric on T) obtained 
by restriction of g. 

Note Hot^ the holonomy group of the transverse connection in the point 
o and f)ot^ its Lie algebra. 

3. Kaluza-Klein metrics 

3.1. Definitions and basic results. Given a pseudo-Riemannian manifold 
{B,g), let V be its Levi-Civita covariant derivative. Let g be the Lie algebra 
of the group G = U{1). is the underlying manifold of the group G. 
identifies to iW. We consider {P, tt, B) a principal S'-'^-bundle over the 
manifold B. Let A : TP ^ g be a connection form on the bundle P, i.e. for 
5 e G and A a vector field on P, A{X ■ g) = Ad{g-^)A{X) (= A{X) in this 
case), and for a G g, ^ G P, ^(^(^g'-^ ' cxp(to))) = a. 

Let V be the vector field on P such that T'k{v) = and A{v) is constant 
equal to i. 

For X a vector field on B, we call horizontal lift of X and note A* the 
unique vector field on P such that ^(A*) = and Tn^X*) = X. 

Recall that the curvature form 0, in T ((T* B AT* B) ^ q) of the connection 
form A verifies n{X,Y) := -A{[X*,Y*]). As is abelian, Q is closed. We 
have: 

Proposition 1. [Ar*,v] = 0, 

[X*,Y*] = [X,Y]* + in{X,Y)v. 



Proof. Classic results. 



□ 
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Fix cr = ±1. Note g the pseudo-Riemannian metric ■K*g + cA A on 
P, called in the following Kaluza- Klein-metric. Let D be the Levi-Civita 
covariant derivative corresponding to g. 

Note (f) the section of EndsiTB) such that g{(l)X,Y) = a^n{X,Y). 

Proposition 2. a^{VVL){X,Y, Z) = g{{y x(t))Y, Z) 

Proposition 3. D^v = 0, 

D^X* = Dx'V = {(t)XY 
Dx*Y* = {V xYf + '^n{X,Y)v. 

Proof. Use the Koszul formula. □ 

Lemma 4. v is a Killing vector field s.t. g{v,v) = —cr. 

Proposition 5. Let T> he the transverse bundle . The transverse connec- 
tion D'^ verifies: D^Y* = 0, D^,Y* = (VxY)*. 

The holonomy group in the point a of the connection verifies Hol^ = 



3.2. Boothby-Wang fibration. Consider the S" -bundle P as in the pre- 
ceding section. It is known (see chapter 2 in [Bl], resp. [Kj) that ci(P) = 
[2^0] is an integral second De Rham cohomology class i.e. which lies in 
H^{B,Z)b C H'^{B,R) {b stands for Betti-part). 

Inversely suppose that J7 is a closed zM-valued 2-form such that [2^$^] S 
H^{B, TL\. As the principal S^-bundles over B are classified by H^{B, Z), we 
can consider a bundle P corresponding to [2^^^]- If B is simply connected, 
then the bundle P is uniquely defined. There is a (generally not unique) 
connection form A on the bundle P such that 0, is the curvature form of A. 

3.3. Examples of Kahler base manifolds. If {B,g,Q) is a Kahler man- 
ifold, the condition [^^n] G H^{B,Z)b means, by the Kodaira embedding 
theorem, that B is projective, i.e. holomorphically embeds into some pro- 
jective space CP". The construction of section IXTI gives then examples of 
Sasakian manifolds (see I4.5.2p with holonomy of the transverse bundle given 
by the holonomy of {B,g): By a theorem of Y. Hatakeyama, the total space 
of the principal S^-bundle is normal contact if and only if the base manifold 
is Kahler and projective(see jH]). 

By the Berger theorem it is known that the list of holonomy algebras 
of irreducible, non locally-symmetric Kahler manifolds is restricted to u(n), 
5u(n) (Calabi-Yau), sp(n) (hyperKahler). 

3.3.1. Projective Kahler symmetric spaces. Irreducible Kahler symmetric 
spaces are automatically Einstein. Furthermore if they are compact and 
simply-connected, they are projective(see [Be], 8.89, 8.2, 8.99). See also 
( [Bej , 10. K) for the list of compact irreducible Kahler symmetric spaces. 




3.3.2. Projective base manifold with full U{n) -holonomy. Consider {X,g) 
a compact homogeneous Kahler manifold. If X is simply-connected, it is 
known (see |Be] . 8.2, 8.98-99) that X admits a Kahler-Einstein metric g 
with positive scalar curvature, and X is projective. If {X,g) is not a sym- 
metric space and irreducible, it admits necessarily then full [/(n)-holonomy 
as Kahler-manifolds whose holonomy is included in SU (n) are Ricci-fiat. 
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3.3.3. Projective Calabi-Yau base manifolds. It is known that manifolds with 
full S'C/(n)-holonomy are automatically projective as soon as their complex 
dimension is bigger than 3. 

3.3.4. Projective hyperKdhler base manifolds. Very little examples are 
known by today of projective hyperKahler manifolds. One series of such 
can be obtained in the following way: Take X a projective K3-surface e.g. 
the Fermat quartic: 

{{xo :xi:x2: x^)\xl + x\ + xl + xl = Q} C CP^ 

X itself and the Hilbert scheme Hilb'^{X) of dimension 2n are then projec- 
tive and hyperKahler. See ( |GHJj . 21.1-2 and 26, and [Bej 14. C) for more 
information about these examples and projective hyperKahler manifolds in 
general. 

4. Kaluza-Klein metrics with a recurrent vector field 

4.1. Recurrent vector fields. We say that the non- vanishing vector field 
i? on P is recurrent if there is a scalar-valued 1-form u; on P such that 
DR = uj^R. 

Note that if i? is a recurrent vector field, then {R) and R^ are parallel 
distributions. In case the connection is torsion- free a parallel distribution is 
automatically integrable and tangent to a foliation of the manifold. In case 
R is light-like, (R) is a sub-distribution of R^ and the leaves corresponding 
to (i?) are contained in the leaves corresponding to R^. 

4.2. Screen bundle. The quotient-bundle S := R-^/ {R) is called the screen 
bundle corresponding to the recurrent vector field R. Note q the correspond- 
ing canonical projection R^ S. S carries a natural covariant derivative 

DjciqY) ■.= q{DxY). 
Lemma 6. is well defined. 

restricts to any leaf C of the foliation determined by R^. 

4.3. Kaluza-KIein metrics with a recurrent vector field. 

Proposition 7. Given a pseudo-Riemannian manifold {B,g), and let 
a be ±1. 

(i) Let (P, vr, B) a principal -bundle over the manifold B and connection 
form A. Let g := TT*g + a A A be a metric on P. 

Suppose there is a light-like recurrent vector field R on P of the form 
/C* + hv, where ^ is a vector field on B such that g[^, = '^^^ / 
and h are in C°°{P). 

Then e = sign(//i) is locally constant ±1, and we have: ^ is a Killing 
vector field, D{C + ev) = 0, 0^ = 0, •) = 0, (/> = -eVi, 

Furthermore Vt = —iaedr] for the 1-form rj := g{(^, •). The connection 
form Aq := A-\- iaeiT*rj on the bundle tt : P ^ B is flat. 
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(ii) Reciprocally suppose {B,g) admits a Killing vector field such that 
= a. Suppose the principal -bundle ir : P ^ B admits a flat 
connection Aq. Let g he the metric ■K*g + a A ® A for the connection 
form A := Aq — ia£TT*r] with rj := g((,, •) and e = ±1. P admits then 
the parallel light-like vector field ^* + ev for the Levi-Civita connection 
associated to g. 

Notation: We will note r the parallel vector field ^* + ev, and f the 
complementary field — ev. 

Proof. 1) The condition that R is light-like writes g{R,R) = 0, giving ■ 
a — h'^ ■ a = 0, say f = eh with e = ±1. 

R = f.{C + ev) 

As a consequence / is non vanishing. 

2) DR = uj®R, 

a) D^R = u(v)R 

^ v{f){e +ev) + f- {D,C + eD,v) = uj{v)f ■ (C + ev) 

^ vif){C + ev) + f- m = u^iv)f ■ (r + ev) 

From this follow the two equations: 

v{f)v = uj{v)fv (1) 

v{f)C+f-m = ^{v)fC (2) 
Equation [T] gives 

uj{v)=v{\nf) (3) 

From equation [2] follows 

(t^i = (4) 

otherwise stated 

o(e,-) = o (5) 

b) Dx*R = io{X*)R 

X*if)iC + ev) + fDx*e + efDx*v = u:{X*)fe + eio{X*)fv 



From this follow the two equations: 

X*{f)v = u;iX*)fv 

x*{f)e + f-{VxO*+ef-m)* = ^ix*)fe 

then 

X*if) = u;iX*)f (6) 
(VxO* = -<<PX)* (7) 
The two equations [3] and [6] give 

uJ = d(lnf) (8) 

From equation [5] follows in particular that the vector field Rq := £,*-\-ev 
is parallel. 
Equation [7] rewrites: 

= -eWxC (9) 
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Using the definition of (p and the antisymmetry of 0, one sees from 
this equation that ^ is a Kilhng vector field. 

The relation 0, = —ieadrj follows from the fact: dri{X, Y) = 
X{r]{Y))-Y{7]{X))-r]{[X,Y]) = 2g{-VxC,Y), true if ^ is a Killing 
vector field, and consequently dr]{X,Y) = 2eg{<j)X,Y) = aeiil{X,Y) 
The reverse implication is immediate after the preceding discussion. □ 

Note that under the conditions of the proposition r-*- is exactly the hori- 
zontal distribution of the connection form Aq. 

Proposition 8. Under the conditions of proposition^ we have: C^r] = 0, 
C^drj = 0, C(.4) = 0, V^^ = 0. 

Proof. Since = do t^od, the two first statements follow from r]{^) = a 
and dry(^, •) = 0. 
For the third note 

= -'^{C^dri){X, Y) = Cg{<pX, Y) - X],Y) - g{(t>X, [C, Y]) 

= {£^g){<pX,Y)+g{{Ci:^)X,Y). 

From this follows C^(j) = 0. 

In particular it implies: V^{(j)X) — V^xC = — VxS,) and so 

(V^^)^ = V^xS, - (piVxO = -e<iP'X + e(t?X = 0, proving the last state- 
ment. □ 

Lemma 9. Under the conditions of proposition^ we have: {/l^xv)iY) = 
dv{(l>X,Y). 

Proof. This follows from the definition of C and from 7]{(f)X) =0. □ 

4.4. Transverse connection on ^-^ in case D admits a recurrent vec- 
tor field. Note T> = T>^ the sub-bundle and let V'^ be the transverse 
connection corresponding to ^ on the bundle T). 

Proposition 10. Let D he as in proposition^ Let X and Y he sections of 
V. 



Dr 


= 0, 


DrY* 




Drr 


= 0, 


Dx*Y* 


= (v5y)* + 4f^(x,y)r. 


Dx*f 




D,Y* 




D^r 


= 0. 
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Proposition 11. Let D be as in proposition^ Let X,Y,Z be sections of 
v. The curvature of the covariant derivative D expresses by: 

R{;-)r = 0, 

R{r,X*)Y* = {R^{^,X)Y)*, 

R{r,X*)f = 0, 

R{X*,Y*)Z* = {R^{X,Y)Z)* + aeg{{\/^4>)Y -{V'^(l))X,Z)r, 

R{X\Y*)f = -2e{{V^<P)Y-(V?cp)X)*, 

R{r,v) = 0, 

R{X*,v)Y* = {{V^(I))Y)* + eag{^X,cl)Y)r, 

R{X*,v)r = 2£{(P'^X)*. 

Let 5 := r^/{r) be the screen bundle corresponding to r. Note q the 
corresponding canonical projection. 

As we saw before the covariant derivative D'^ restricts to any leaf C of 
the foliation associated to V. Note f)o[o' its holonomy algebra. 

Can L the C°°(S)-linear mapping r{TB) T{TP) defined by i(^) = r, 
l{X) = X*, for X a section of D. Note that l is simply the horizontal lift 
associated to the connection form Aq. The mapping (or simply /) shall 
be defined as follows: For p € P and v € T^^i^p-^, let lp{v) := q{L{X))p for X 
a section of "D such that -^^^(p) = ^- is an isomorphism between ^^^^(p) ^^^d 
Sp. 

Proposition 12. For X a vector field on B and Y a section of T>, 
D^^q{iY)=q{i{VlY)). 

Foro^^C, Zf,(f)OP(„)) = dolf"^. 

4.5. Examples of base manifolds. 

4.5.1. K-contact manifolds. {B'^^'^^,(j),^,r],g) is a K-contact manifold, 
meaning that: 

(1) (-B^""*"^, 0, ^, r/, is an almost contact metric manifold, i.e. (p, ^, r] 
are respectively a (1, l)-tensor, a vector field and a 1-form on the 
manifold B, g is a Riemannian metric on B, r/(^) = 1, dr/(^, •) = 0, 
^2 = _j + ^ ^ g(^X, Y) = g{4>X, 4>Y) + r/(X)r/(y), 

(2) g{4>X,Y) = -dr^{X,Y) 

(3) ^ is a Killing vector field 

^^2n+i^ ^-j verifies then the conditions of proposition [71[^ii) with a = 

1 and e = 1. 

4.5.2. Sasakian manifolds. {B'^^~^^,(f},^,ri,g) is a Sasakian manifold, mean- 
ing that: 

(1) (-B^"'^^, r/, is a K-contact manifold 

(2) (j) satisfies lVx(l)){Y) = g{X, Y)^ - r]{Y)X 

In this case we have V^cp = 0, and as a consequence Holo'^ C U{'Do). 
Additionally we see from proposition 1111 that: 
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Proposition 13. Suppose {B^^~^^,(p,S^,rj,g) is a Sasakian manifold. Let 
X,Y,Z be sections o/P = The curvature of the covariant derivative D 
on the manifold P constructed as before expresses by: 

R{;-)r = 0, 

Rir,-) = 0, 

R{X*,Y*)Z* = {R^{X,Y)Z)*, 

R{X\Y*)r = 0, 

R{X\v)Y* = g{X,Y)r, 

R{X*,v)r = -2X*. 

Note that (j) is parallel along any path 7. For X, Y sections of V: 
R{X* ,v)Y* = g{X,Y)r, as a consequence we obtain: 

Proposition 14. If (B'^^'^^,(j),^,r],g) is a Sasakian manifold the holonomy 
algebra of the Levi-Civita covariant derivative D of g on the manifold P is 
of the form: For the decomposition TqP = (ro) © {lT>)o (ro). 

i)0l^ = ^(^o'a -u^\A£Q,u£ Hom((fo),(tP)o)} , 

where g = '■o*f)ol^(o) is a sub-Lie-algebra of u{{i'D)o)- 

Note that in the theorem appears fjoP^g) and not f)ot^|^ like in proposition 
[T2I In the proof, the fact that (p commutes with parallel transport on the 
transverse bundle is crucial. 

5. Double bundles 

The base manifold can be obtained by a preliminary circle bundle con- 
struction. We discuss this possibility in the following: Let {B,g) be a 
pseudo-Riemannian manifold with Levi-Civita connection V. Let tti : Pi — >■ 
B he a first principal S^-bundle over B with connection form Ai and metric 
91 =7rlg + aAi(E>Ai. 

We have seen that the corresponding fundamental field = v is then a 
Killing field such that gi{v,v) = —a. 

Let Pi be the transverse bundle equipped with the transverse covariant 
derivative D^. Let Lp be the mapping T^^i^^-^B T^i,p defined by ip{Xp) = 
X* for X a vector field on tp is an isomorphism. 

Consider a second principal 5"^ -bundle t[2 '■ P2 ^ Pi admitting a flat 
connection form ^2,0- Fix 62 '■= ±1- Let r/2 := be a 1-form on Pi. 

Define the connection form A2 by A2 ■= A2fi+io'e2TT2'r]2 Let §2 be the metric 
VTg^i — (7^2 ■8^2- By proposition [7] follows that P2 admits the parallel vector 
field r = ^* + £2V2 for the Levi-Civita connection associated to 52- 

Let >C be a leaf of the foliation determined by P2 := and o be a point 
contained in it. Let S be the screen bundle determined by r. 

Proposition 15. fjolo''^ is isomorphic to [)0[y^^2{o) 

Proof By propositions and [T^] the holonomy algebra 1)0 [q' verifies: 
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